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Anderson model (1958)

Tight-binding model + disorder

Disorder
Randomly distributed over [-W/2, W/2]

Hopping
between site n and site m
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 → 1D, 2D systems : eigenstates localized in position space

 → 3D system : phase transition
 Diffusion
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Localization

E. Abrahams et al, Scaling Theory of Localization: Absence of Quantum Diffusion in Two Dimensions
PRL 42 673-676 (1979)

P. W. Anderson, Absence of diffusion in a certain random lattices, PRL 109 1492-1505 (1958)



Study the change of the generalized dimensionless conductance g
with the typical size given by L

d = 1 , β < 0: localization
d = 2 , β < 0: localization
d = 3 : metal-insulator transition

E. Abrahams et al, Scaling Theory of Localization: Absence of Quantum Diffusion in Two Dimensions
PRL 42 673 (1979)

Scaling theory (1979)

β( ln(g))=
d ln(g)

d ln (L)



Study the change of the generalized dimensionless conductance g
with the typical size given by L

d = 2 – the lower critical dimension – is very special ...
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Study the change of the generalized dimensionless conductance g
with the typical size given by L

d = 2 – the lower critical dimension – is very special ...

E. Abrahams et al, Scaling Theory of Localization: Absence of Quantum Diffusion in Two Dimensions
PRL 42 673 (1979)

Scaling theory (1979)

● The dynamics is always localized
● The localization length scales exponentially with the (inverse) 

disorder strength :

ξ ∝ l e(πk l /2)

l : mean-free path in the disordered medium
k : wavevector

2 signatures of 2D Anderson localization



Transverse 2D Anderson localization in photonic lattices (Technion)

T. Schwartz et al.,
Transport and Anderson localization in disordered 2D 
photonic lattices,
Nature 446, 52--55 (2007).

2D Diffusive Expansion of Ultracold Atoms in an Speckle Potential
(Institut d'Optique)

Experiments on 2D disordered systems

M. Robert-de-Saint-Vincent et al,
Anisotropic 2D Diffusive Expansion of Ultracold 
Atoms in a Disordered Potential,
Phys. Rev. Lett. 104, 220602 (2012).
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M. Robert-de-Saint-Vincent et al,
Anisotropic 2D Diffusive Expansion of Ultracold 
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This work : a quantitative study of 2D Anderson localization

Observation of 2D AL with atomic matter waves
Experimental evidence of the exponential dependance of the localization length with the disorder strength
Arxiv:1504.04987
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Periodic Kicked Rotor

Cs Magneto-optical trap



Pulsed optical lattice

Periodic Kicked Rotor

reduced Planck constant (kick frequency)

stochasticity parameter (laser beam intensity)

Adjustable parameters

0 to 150 kicks
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Dynamical and Anderson localizations

Equivalence between 1D Anderson model and Kicked Rotor



Dynamical and Anderson localizations

Equivalence between 1D Anderson model and Kicked Rotor

See also (3D case): G. Casati, I. Guarneri and D.L. Shepelyansky, Anderson Transition in a One-
Dimensional System with Three Incommensurate Frequencies, Phys. Rev. Lett. 62, 345 (1989)



Dynamical and Anderson localizations

Tight-binding model + disorder
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Disorder
Pseudorandom distribution

(Lorentzian distribution)

Hopping
between site n and site m

(short-range model)
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Disorder
Pseudorandom distribution

(Lorentzian distribution)

Hopping
between site n and site m

(short-range model)

Dynamical localization in the periodic kicked rotor
=

Anderson localization in 1D disordered systems



Quasiperiodic Kicked Rotor

Pulsed optical lattice

reduced Planck constant (kick frequency)

stochasticity parameter (laser beam intensity)

Adjustable parameters

incommensurate triplet

Disorder
Pseudorandom distribution

(Lorentzian distribution)

Hopping
between site n and site m

(short-range model )
Anisotropic for small ε

Mapping to the 2D Anderson model



Experimental setup

150 kicks

1000 kicks

 1D Anderson

✗ 2D Anderson

 2D Anderson
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2D Anderson localization

Experimental signature : exponential shape of the 
momentum distribution at 200 kicks



2D Anderson localization

Experimental signature : freezing dynamics



2D Anderson localization

Self-consistent theory of localization 1D

D. Vollhardt and P. Wölfle, Phys. Rev. Lett. 48, 699–702 (1982)
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2D Anderson localization

Population of the zero 
velocity class

Self-consistent theory of localization



2D Anderson localization

localized momentum distributions after 1000 kicks as a 
function of the anisotropy parameter

Population of the zero 
velocity class

Self-consistent theory of localization



2D Anderson localization

Kinetic energy at 1000 kicks with respect to the purely 1D 
case vs. the scaling parameter

Self-consistent theory of localization

275 measurements
for different values of

 

2D



2D Anderson localization

Kinetic energy at 1000 kicks with respect to the purely 1D 
case vs. the scaling parameter

Self-consistent theory of localization 2D

● At the largest K/kbar values,  
the localization time is not 
much shorter than 1000 kicks

● The prediction is valid only in 
the small ε limit and deviations 
are expected, and indeed 
observed, at large global 
parameter

● The K-dependence of the 
diffusion constant is not 
perfectly quadratic (oscillatory 
terms) → kicked rotor model
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Weak localization
• Precursor of Anderson (strong) localization

• The diffusion coefficient tends to be lowered in presence of disorder

Enhanced amplitude probability that the wavepacket comes back to its origin

One-constructive-interference effect in time-reversal invariant systems
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Enhanced Return to the Origin



Weak localization

Coherent Backscattering of Ultracold Atoms,

F. Jendrzejewski, K. Müller, J. Richard, A. Date, T. Plisson, P. Bouyer, A. Aspect, and V. Josse

Phys. Rev. Lett. 109, 195302 ( 2012)

• Precursor of Anderson (strong) localization

• The diffusion coefficient tends to be lowered in presence of disorder

Enhanced amplitude probability that the wavepacket comes back to its origin

One-constructive-interference effect in time-reversal invariant systems

See also:
(transmission exp.)

r
i
 = r

f

*2
)',( j

i ji
ii AAArrP  






i

iquant ArrP
2

2),(

Enhanced Return to the Origin



Weak localization in the kicked rotor

✗ Extreme sensitivity to initial width of the momentum distribution

numerical simulation
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Weak localization in the kicked rotor
Perform a differential measurement

(i.e. breaking sometimes this interference effect)

Periodically-shifted kicked rotor

Even kick number: Same additional phase

C. Tian, A. Kamenev, and A. Larkin, Phys. Rev. B 72, 045108 (2005)



Weak localization in the kicked rotor
Perform a differential measurement

(i.e. breaking sometimes this interference effect)

Periodically-shifted kicked rotor

Odd kick number: Opposite signs          



Weak localization in the kicked rotor
Periodically-shifted kicked rotor

Amplitude
A(t)

‘weak localization signal’



Weak localization in the kicked rotor

A useful tool to probe decoherence of our system



Conclusion
• A quantitative study of 2D Anderson localization with the quasiperiodic 

kicked rotor :
 → First experimental evidence of 2D Anderson localization with

atomic matter waves
 → experimental evidence that d=2 is the lower critical dimension

• Observation of the weak localization with the periodic kicked rotor

Cs experiment



• A quasiperiodic kicked rotor with 4 incommensurate frequencies
 ↔ 4D Anderson model (Transition)

• A quasiperiodic kicked rotor with 3 incommensurate frequencies in others 
symmetry classes

● Anderson model with interactions

Conclusion
• A quantitative study of 2D Anderson localization with the quasiperiodic 

kicked rotor :
 → First experimental evidence of 2D Anderson localization with

atomic matter waves
 → experimental evidence that d=2 is the lower critical dimension

• Observation of the weak localization with the periodic kicked rotor

Cs experiment

39K experiment (under construction)
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